The following elegant characterization of dual Banach spaces will be proved: a separable Banach space X is a dual space if and only exists a norm closed subspace M ⊂ X * with (Dixmier) characteristic equal to 1, whose functionals are norm-attaining.
Introduction
Among all Banach spaces, dual spaces have some additional properties, which assure a more far-reaching treatment of their structure. Probably the most useful property is represented by weak*-compactness of the unit ball of such spaces. Giving necessary and sufficient conditions for a Banach space X to be a dual space is a long standing problem; it goes back essentially to J. Dixmier [3] . Many theorems concerning this intriguing area are known; these results usually require the compactness property for X 1 , the unit ball of X, with respect to suitable locally convex topology. Elegant as theoretical results, these theorems, however, do not provide any practical tool to solve the question in the applications, because compactness property is very difficult to be checked in infinite-dimensional contexts. In spite of this, reflexive Banach spaces (which are indeed dual spaces with unique predual) are well understood thanks to a celebrate thorem by R. C. James [4] , which states that a Banach space X is reflexive if and only if every continuous linear functional attains its norm on X 1 . The result quoted above can be regarded as a straightforward application of the following powerful characterization of weak compactness, which is due as well to James:
Theorem 1 (James, [6] ). Let Y be a complete locally convex space and C ⊂ Y a bounded, σ(Y, Y * ) closed subset The following are equivalent:
1. C is a weakly compact subset.
2. Every ϕ ∈ Y * attains its sup on C,i.e. for every ϕ ∈ Y * there exists c ∈ C such that |ϕ(c)| = sup y∈C |ϕ(y)|.
The proof of the theorem announced in the abstract essentially depends on James ' theorem 1, where completeness assumption unfortunately cannot be removed, as James himself has shown in [5] .
Notations and preliminaries
If X is a Banach space, X 1 will stand for its unit ball, that is
The dual (conjugate) space of X will be denoted by X * . A Banach space X is a dual space if there exists a Banach space Y such that Y * ∼ = X (isometric isomorphism); in this case Y is said to be a predual. Accordig to Dixmier, we define the characteristic of a subspace M ⊂ X * as the the real number given by
When c(M) = 1, we say that M is a determinant subspace of the conjugate space; a standard application of the bipolar theorem shows that M is determinant iff M 1 is weakly* dense in X * 1 . Finally, we recall that a continuous linear functional ϕ ∈ X * 1 is said to be normattaining if there exist x ∈ X 1 such that |ϕ(x) = ϕ . A subspace M ⊂ X * is norm-attainig if each ϕ ∈ M is a norm-attaining linear functional.
A general result
This section is devoted to present a general result for the existence of preduals. In what follows, we will need some tools from the general theory of locally convex space, in particular some basic facts belonging to the theory of dual pair. For an extensive treatment see, for istance, [8] . For completeness' sake, here we recall that, given a dual pair (X, Y), the Mackey topology on X is the locally convex topology described by the base of seminorms p K given by
The Mackey topology is often denoted by τ (X, Y). Analogously, one can define the Mackey topology τ (y, X) on Y.
We begin our analysis by observing that any conjugate space X * is a complete locally convex space with the Mackey topology τ (X * , X). This can be proved, for instance, with the aid Grothendieck completeness theorem or as an easy application of the lemma 2 from section 4 of the present paper. A second observation needed is that any predual of a Banach space M should be sought as a suitable subspace of the conjugate space X * . More precisely, one has the following:
is a determinant subspace, whose functionals are norm-attaining.
Proof. Let Φ : X → M * be an isometric isomorphism. Taking the (Banach) adjoint of Φ, we get an isometric isomorphism Φ * : M * * → X * . Let i : M → X * the linear isometry given by the composition Φ * • j, where j is the canonical injection of M into its second conjugate space M * * . It only remains to prove that i(M) has the required properties. Let x ∈ M, then we have
The last equality says that i(M) is determinant. In order to prove that i(M) is norm attaining, observe that, given any m ∈ M, one has i(m) = m = |ϕ(m)|, for some ϕ ∈ M * 1 by virtue of the HanhBanach theorem. Now, if x be is the unique element of X such that Φ(x) = m, we have i(m) = i(m), x . This concludes the proof, since x = Φ(x) = m ≤ 1.
Under suitable additional requests the previous lemma can be reverted to get existence of a predual, as indicated in the following result (due to Dixmier [3] ), which can be regarded as a partial convers of Alaoglu theorem. For the completeness' sake, we provide a different prove based on the Krein-Smulian theorem.
Proof. The linear map Φ : X → M * described in the statement is surely isometric, since M is determinant. Let N ⊂ M * be its range. N is weakly* dense in M * , since it is a total subspace, i.e. N ⊥ = 0 (in the duality (M * , M)). To get the conclusion, it is enough to observe that N is weakly* closed by virtue of the Krein-Smulian theorem (here is the point werw completeness of M is needed). In fact N 1 = Φ(X 1 ) is weakly* compact as the continuous image of a compact set (Φ is apparently a σ(X, M) − σ(M * , M) continuous map).
Actually the theorem remains true under the milder assumption that M is just a total subspace, see [7] , anyway Theorem 2 is enough to state and prove the following general characterization of dual Banach space: holds, we can equip X with the Mackey topology τ (X, M). By the MackeyArens theorem, the Mackey dual of X is M. The unit ball X 1 ⊂ X is clearly Mackey-bounded since it is even norm bounded; moreover X 1 is σ(X, M)-closed. In fact, thanking to the fact that M is determinant, we can rewrite X 1 as {x ∈ X : |ϕ(x)| ≤ 1 for all ϕ ∈ M 1 } so it is a σ(X, M)-closed subset as intersection of σ(X, M)-closed sets. By the assumption of completeness, James'theorem applies, so we get σ(X, M)-compactness of X 1 . Hence M is canonically a predual of X. Although elegant, the previous theorem is not completely satisfactory, because to handle completeness notions in the general context of locally convex spaces is rather difficult; however the result can be considerably strengthened in the separable case, as it is shown in the next section.
The separable case
In this section we devote our analysis to separable Banach spaces X, the reason being that separability assumption allows us to prove the following useful completeness result: Theorem 4. Let X be a separable Banach space and M ⊂ X * a determinant subspace. X is a complete locally convex space with respect to the Mackey topology τ (X, M).
The proof of theorem 4 relies on the following two lemmas:
Lemma 2. Let X be topological vector space. If {f α : α ∈ I} ⊂ X * is a net of continuous linear functionals converging to f uniformly over the compact subset of X, then f is sequentially-continuous.
Proof. It is a standard ε 3 -argument. Let {x n : n ∈ N} ⊂ X be a sequence convergin to x ∈ X. The set K . = {x n : n ∈ N} ∪ {x} is compact, thus f α converges to f uniformly on K. This means that, given ε > 0, there exists α 0 ∈ I such that sup
By the triangle inequality we get
The second lemma deals with the Mazur property of M with respect the σ(M, X)-topology. More precisely, we have the following statement:
determinant subspace, then M equipped with the σ(M, X)-topology is a Mazur space, that is every sequantially-continuous linear form f : M → C is continuous with respect to the σ(M, X)-topology.
Proof. Since X is separable, the weak* topology on X 1 is metrizable as well its restriction to M 1 . Let f : M → C be a σ(M, X) sequentially-continuous linear form. The restriction f ↾ M1 is thus a σ(M, X)-(uniformly) continuous function. Since M is determinant, M 1 is weakly* dense in X * 1 , so f ↾ M1 extends to a weakly* continuous function g : X * 1 → C, which is apparently the restricton to X * 1 of a linear form G defined on the whole X * . By the Krein-Smulian theorem (see, for instance, [2] ), this linear functional is weakly*-continuous, that is there is a unique x ∈ X such that G(ϕ) = ϕ(x) for all ϕ ∈ X * . This concludes the proof.
Finally we can prove theorem 4.
Proof. Let {x α : α ∈ I} ⊂ X be a τ (X, M)-Cauchy net. This means that, given any 3 σ(M, X)-compact subset K ⊂ M and any ε > 0, we have
for all α, β ∈ I such that α, β α 0 for some α 0 ∈ I. In particular, fixed ϕ ∈ M, {ϕ(x α ) : α ∈ I} is a numerical Cauchy net, so we can define a linear form on M, say G, by G(ϕ) . = lim α ϕ(x α ). Thanks to inequality 1, the limit is uniform over the σ(M, X)-compact subset of M. By lemma 2, G is sequentially σ(M, X)-continuous, so it continuous in this topology thanks to the lemma 3. This means that there is a unique x ∈ X such that G(ϕ) = ϕ(x) for all ϕ ∈ M. Taking the limit (with respect to β ∈ I) of the inequality 1, one easily get x α → x in the τ (M, X)-topology. This concludes our proof.
Finally, we can state our main theorem, as announced in the abstract: Proof. Theorem 3 of the previous secrion applies, since X is complete with respect the Mackey topology τ (X, M), by virtue of completeness theorem 4. Proof. If N ⊇ M is norm closed and norm-attaining, then it is (canonically) a predual of X as well as M, hence N = M, since no proper inclusion relationship among preduals are allowed, thanks to the theorems of Alaoglu-Banach and Krein-Smulian.
In particular we get the following non-trivial result:
Corollary 2. If X is a (separable) Banach space, such that X * is separable, then j(X) ⊂ X * * is a closed maximal norm-attaining subspace.
As concrete applications of the corollaries stated above, we get, for instance, that c 0 ⊂ l ∞ is a closed subspace, which is maximal with respect to the property to be norm-attaining (on l 1 ), since c 0 is a (not unique) predual of l 1 . The same is true for K(H) ⊂ B(H), where K(H) is the norm closed ideal of all compact operators on the separable Hilbert space H, thought as a predual of S 1 , the nuclear (trace-class) operators on H. I wish to thank S. Doplicher for some useful discussions during the peparation of the present paper.
